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Abstract
The aim of this paper is to provide a more realistic description of priority-discipline queueing models by using Fuzzy Set Theory.
It develops and optimizes two fuzzy queueing models with priority-discipline, a model with nonpreemptive priorities system and
a model with preemptive priorities system, denoted by M˜i /M˜i /1 and M˜i /Fi /1. The first symbol is for a queueing system where
arrivals and services from a single server follow a Poisson process with fuzzy parameter and the last symbol is for a queueing
model with arrivals follows a Poisson process with fuzzy rate and fuzzy deterministic service rate. Zadeh’s extension principle is
the basic approach to this research into fuzzy stochastic processes.
Our results are the basis for a discussion of optimal selection of priority-discipline. Two fuzzy queueing systems that are
commonly found in real situations are solved, and serve as examples that highlight the validity of the procedure we propose. Fuzzy
queueing models are more realistic than the crisp queues that are commonly used in reality. Furthermore, extending queueing
models to the fuzzy environment widens their scope of application.
c© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction
Queueing models can be divided into two broad groups. On one hand, those that describe real situations and,
for other, those normative that report a prescription of what the real situation should be or, said in another way, the
optimum point of view to which should aspire.
Descriptive models provide average values and the probabilities of performance measures that describe the system
when patterns of arrivals and services, the number of servers, system capacity and queue discipline have all been set.
In contrast to these models, the second group, which is often called queuing decision models (design and control
models), attempts to calculate what the parameters should be to optimize the models.
Models studied in this paper must be optimized when there is uncertainty regarding input data. Uncertainty is
resolved by using fuzzy subset theory. Including uncertain parameters and fuzzy data in the queueing models means
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that the functions to be optimized contain fuzzy coefficients, so fuzzy optimization techniques must be used to solve
such problems.
Service-related measures are usually controllable, i.e. the service rate, the number of servers and queue discipline,
or a combination of factors. Some control can occasionally be exerted on arriving customers so that they can increase
of decrease or can be assigned to a server, or even be regulated by some type of toll. Design parameters such as physical
space can frequently enforce limits and even require different parameters that, a priori, would be uncontrollable.
The analysis of classic queueing models with fuzzy data that this paper undertakes will handle models in both of
the ways described above. In this way, the article deals with descriptive models that describe the true situation of the
queue when one or more of its parameters are uncertainly known, and it solves design and control models aimed at
optimizing fuzzy queueing systems.
Basic queueing systems involve organized queues where units are dealt with according to their order of arrival.
This ‘waiting discipline’ is often found in queueing models, but privileged classes of units with a certain priority in
the system’s work mode are defined for reasons of efficiency and hierarchy, as for example, the status of message
transmission in a telecommunications system. Many real queuing systems follow this priority discipline model more
closely than any other models that are potentially available. Urgent work is done before other tasks, and key clients
are given preference. Several papers have dealt with this issue, including recent work on descriptive models by Drekic
and Woolford [1], Groenevelt and Altman [2], Harrison and Zhang [3] and Walraevens et al. [4]; design and control
models are dealt with by Takagi et al. [5], Zhang and Cong [6], Pekoz [7] and Haghighi and Mishev [8].
Unlike the classic model that assumes a arrivals follow a Poisson process and exponentially distributed service
times, the arrival rate in many real situations is more possibilistic than probabilistic, λ and µ parameters in the M/M/1
queueing model are often fuzzy and cannot be expressed in exact terms. For this reason, expressions such as “the
average arrival rate is approximately 10” and “service times are approximately 20” are more realistic, making fuzzy
queueing models more practical than the classic queueing models that are commonly applied. The classic queueing
model with priority-discipline will have more applications if it is expanded using the fuzzy model.
Many methods have been designed to resolve design and control of queueing models when costs coefficients and
arrival or service patterns are precisely known. But there are situations where these parameters are imprecise, the unit
cost of waiting per client can, for example, vary over time. Taha [9] points out that the main drawback to doing this
type of models with fuzzy cost coefficients is that it can be difficult to make a reliable estimate of the unit cost of
waiting, particularly when human nature impinges on how the system works. Service cost or waiting and inactivity
cost can be uncertain in many practical situations because of a range of factors that are beyond control. Initial fuzzy
information will clearly undermine the quality of decision-taking in conventional queueing decision models. This
means that decision-making problems with fuzzy queueing models deserve to be studied in greater depth.
Bellman and Zadeh [10] and Zadeh [11] introduced the concept of fuzziness so that imprecise information could be
handled in decision making problems, and fuzzy set theory is often recurred to when imprecise and uncertainty needs
to be modelling. Fuzzy queueing models have been described by such researchers as Prade [12], Li and Lee [13],
Buckley [14], Negi and Lee [15], Jo et al. [16], Kao et al. [17], Buckley et al. [18], Chen [19,20] and Ke and Lin [21].
Although control and design problems with fuzzy queueing models are more practical than their conventional
counterparts, and priority-discipline queueing models with fuzzy parameters are more realistic, there is a dearth of
studies in this field. For example, building upon Possibility Theory, Buckley [14] deals with elementary finite and
infinite capacity queueing systems with multi-server queues where arrivals and departures conform to a possibilistic
pattern. Buckley et al. [18] broaden these results [14] to include fuzzy decision problems to determine the optimum
number of servers. Chen [22] proposes a method of parametric programming to construct the membership functions
of the fuzzy objective function of a queue design problem in which the cost coefficients and arrival rates are fuzzy
numbers. Zhang and Phillis [23] determine an optimum client distribution policy for parallel scheduling of a queueing
system with two heterogenous servers using fuzzy control, and Zhang and Cong [6] establish a priority strategy for
multiple priority queues that is based on fuzzy algorithms.
This paper propounds two priority discipline fuzzy queueing models based on the classic models developed by
Winston [24], Hillier and Lieberman [25], and Taha [9], to which uncertain data is added at the initial parameter
stage. There is a server, unlimited system capacity and an unlimited source of arrivals. In our handling of models with
uncertain data, we follow work done by Prade [12], Li and Lee [13], Negi and Lee [15] and Kao, Li and Chen [17]
who analyse simple models of fuzzy queues using Zadeh’s extension principle [11]. Once the priority discipline fuzzy
queueing model has been established, we move on to select the optimum priority discipline.
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2. Priority discipline fuzzy queueing models
Priority discipline queueing models are assumed to have P priority classes, with class P having the highest priority
and class 1 the lowest. It is also assumed that units are selected for service initiation in the order of their class priority.
Within the same class, the principle of first come, first served is applied.
Queueing models are considered here with what are called ‘conservative systems’, i.e. no demand for a service
is created or destroyed within the system and a unit cannot leave the system before service is terminated, nor can a
server remain idle while there are units in the system.
Priority discipline queueing systems are of two types:
(1) Systems with preemptive priorities, where a unit that is being served cannot be displaced if a higher priority unit
arrives at the queuing system and any unit must be completely served without interruption once the service has
started.
(2) Systems with nonpreemptive priorities, where a lower-ranking unit that is being served is displaced back to the
queueing area whenever a higher priority unit arrives at the system. The displaced unit reenters service where it
was left off.
In the particular case of average service time being equal for all classes of units, it holds that the average queueing
time (and time in the system) and the average length of units in the queue (and in the system) are independent of the
queueing system imposed on the system, so the discipline only affects the laws of probability relating to waiting time
and length of units in the queue per priority class rather than altering the overall working of the system.
There follow some details of the performance measurements of the Mi /Gi /1 type priority discipline queueing
model for both of the models described above:
λi : average arrival rate for units of class priority i (i = 1, 2, . . . , P);
λ =∑Pi=1 λi : average arrival rate to the system;
αi = λi/λ: percentage of units of class i that arrive on average at the system in a given unit of time;
x¯i : average service time for units belonging to class i ;
x2i : second moment of service time of units belonging to class i ;
x¯ =∑Pi=1 αi x¯i : average service time;
ρi = λi x¯i : fraction of time that the server is occupied with units belonging to class i ;
ρ = λx¯ : service utilization factor (it should hold that ρ < 1 for the system to reach a steady state);
Wq,i : average time spent in queue for units belonging to class i ;
Wi : average time in the system for units belonging to class i ;
W =∑Pi=1 αiWi : average time in the system;
Lq,i : average queue length for units belonging to class i ;
L i : average system length for units belonging to class i ;
L: average length in the system.
Priority-discipline queueing models holds that
Wi = Wq,i + x¯i (1)
Lq,i = λiWq,i (2)
L i = λiWi (3)
L = λW =
P∑
i=1
L i . (4)
If it is denoted by σi =∑Pj=i ρ j with σP+1 = 0, then Wq,i is:
(1) For model with preemptive priorities:
Wq,i =
P∑
j=1
λ j x2j
2
(1− σi )(1− σi+1) i = 1, 2, . . . , P; (5)
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(2) For model with nonpreemptive priorities:
Wq,i =
x¯i (1− σi )+
P∑
j=i
λ j x2j
2
(1− σi )(1− σi+1) − x¯i . (6)
Based upon Zadeh’s extension principle [11], the concept of possibility and fuzzy Markov chains (Stanford [26]),
Li and Lee [13] have proposed a general approach for the analysis of fuzzy queues, in which they consider each
fuzzy queueing model as if it were a perception of a usual queuing system, which can be called the original fuzzy
queueing model. The set of all possible original queueing models of the proposed fuzzy model are those in which it
holds that the arrival rate λ belongs to the support for λ˜ and service rate µ belongs to the support for µ˜. They propose
obtaining the possibility distribution of performance measurements of the fuzzy queueing models by applying Zadeh’s
extension principle starting with the solutions for the original models with precise, known parameters. In general, all
the functions of fuzzy parameters λ˜ and µ˜ can be defined by
µ f (λ˜,µ˜)(z) = sup
λ,µ∈R
{µλ˜(λ) ∧ µµ˜(µ)/z = f (λ, µ)}. (7)
Using Zadeh’s extension principle, they obtain results for the fuzzy model with uncertain parameters λ˜ and µ˜,
and these results are defined by their membership function for steady state solution. In view of the complexity
of determining these membership functions, the Buckley and Qu’s method [27] is applied and fuzzy performance
measurements of priority-discipline queueing models are obtained from the α-cuts of fuzzy variables λ˜ and µ˜.
When Buckley and Qu [27] cannot be applied, calculations are made following Dong and Shah’s vertex
method [28].
3. Fuzzy criteria for the optimum selection of a priority discipline
Decisions relating to the optimum selection of a priority discipline for a queueing system are mainly based on the
following cost function:
C =
P∑
i=1
Ci L i =
P∑
i=1
CiλiWi (8)
where Ci is the unit cost of inactivity for units in class i , L i is the average length in the system for units of class i , λi
is the average rate of arrivals at the system for units in the priority classes i , Wi is average time in the system for units
in class i and C is the total average cost of system inactivity.
There are two problems relating to the optimum selection of a priority discipline based on the hypothesis that the
unit cost of inactivity of each unit is identical for units in the same class but different across classes:
(1) Assigning priority classes to the different classes. The total cost to be minimized, C depends on the factors:
Ci , λi ,Wi . It is verified that since i < k then Wi > Wk (the lower the priority, the longer the waiting time). Thus,
if the model is to be optimized by minimizing C , priority classes need to be classified from less to more urgent in
the product order:
λ1C1 < λ2C2 < · · · < λPCP . (9)
Since αi = λi/λ, priority classes can also be classified in the product order
α1C1 < α2C2 < · · · < αPCP . (10)
(2) Deciding whether queueing model should have a priority system. Waiting cost in the three systems – no
priority, preemptive priority and nonpreemptive priority – must be analyzed to decide whether priority should
be preemptive or nonpreemptive or indeed whether there should even be a priority system, and the solution whose
total average waiting cost C is lowest is chosen as the priority discipline.
The fuzzy priority discipline queueing model provides a result for performance measurements L˜ i and W˜i which
in turn are fuzzy numbers. This means that optimum selection of the priority discipline has to be by choosing from
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alternatives that are assigned a fuzzy number, so one choice is based upon uncertain data. The Nakamura’s method [29]
is used to determine fuzzy criteria to select the number of servers, which provides a preferable fuzzy relationship.
This method is advisable when the circumstances that determine the results of two actions presuppose that if more
favourable (unfavourable) results are obtained for one, more favourable (unfavourable) results are also obtained for
the other.
Nakamura [29] defines a fuzzy preference ratio µN ( A˜, B˜), for pairs of fuzzy numbers A˜ and B˜, with the following
membership function:
µN ( A˜, B˜) =

(1− β)T1 + βT3
Tβ
si Tβ 6= 0
1/2 si Tβ = 0
β ∈ [0, 1] (11)
where
Tβ = (1− β)(T1 + T2)+ β(T3 + T4) (12)
T1 =
∫
{α/Aα>Bα}
[Aα − Bα]dα
T2 =
∫
{α/Aα<Bα}
[Bα − Aα]dα
T3 =
∫
{α/Aα>Bα}
[Aα − Bα]dα
T4 =
∫
{α/Aα<Bα}
[Bα − Aα]dα
where Aα = [Aα, Aα] is the α-cut of A˜ and Bα = [Bα, Bα] is the α-cut of B˜. Parameter β represents the decision-
maker attitude in the face of risk, such that if risk is appreciated β should be greater than 0.5. Neutrality in the face of
risk corresponds with β = 0, 5.
If index µN ( A˜, B˜) = 1/2 it will mean that alternatives A˜ and B˜ are indifferent; if µN ( A˜, B˜) > 1/2 then A˜ is
preferred to B˜, and if µN ( A˜, B˜) < 1/2 then B˜ is preferred to A˜.
4. M˜i /M˜i /1 fuzzy queueing model with priority discipline
Each priority class is assumed to be with Poisson arriving times, with average rate λ˜i which can differ across
priority classes, which is not known for certain and which is approximated by a possibility distribution, established
using fuzzy numbers. Exponentially distributed service times with uncertain average rate are also approximated to a
fuzzy number µ˜i , and a study will be made of a model that have different service times across classes and a model
that have µ˜ service times that are the same for all units.
In the Mi /Mi /1 queueing model it holds that the second moment of service time for units in class i is: x2i = 2/µ2i ,
additionally σi =∑Pj=i ρ j with ρ j = λ j/µ j and σP+1 = 0.
(a) Fuzzy queueing model with preemptive priorities;
• Fuzzy queueing model with different service times across classes:
W˜q,i =
P∑
j=1
λ˜ j
2
2
µ˜2j
(1− σ˜i )(1− σ˜i+1) =
P∑
j=1
λ˜ j
µ˜2j
(1− σ˜i )(1− σ˜i+1) i = 1, 2, . . . , P; (13)
• Fuzzy queueing model with same service time for all units
W˜q,i =
P∑
j=1
λ˜ j
µ˜2
(1− σ˜i )(1− σ˜i+1) =
λ˜/µ˜2
(1− σ˜i )(1− σ˜i+1) . (14)
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Fig. 1. Membership functions of αAC˜A and αB C˜B .
(b) Fuzzy queueing model with nonpreemptive priorities:
According to the property of lack of memory of exponential distribution in Mi /Mi /1 queue models with
nonpreemptive priority discipline, the performance measures of system are not affected by the fact that the service
of the displaced client can be restarted from the point of interruption (a sine qua non of Mi /Gi /1 models) or should
be started again from the beginning:
• Fuzzy queueing model with different service times across classes:
W˜q,i =
1
µ˜i
(1− σ˜i )+
P∑
j=i
λ˜ j
2
2
µ˜2j
(1− σ˜i )(1− σ˜i+1) −
1
µ˜i
=
1
µ˜i
(1− σ˜i )+
P∑
j=i
λ˜ j
µ˜2j
(1− σ˜i )(1− σ˜i+1) −
1
µ˜i
; (15)
• Fuzzy queueing model with same service time for all units:
W˜q,i =
1
µ˜
(1− σ˜i )+ 1µ˜2
P∑
j=i
λ˜ j
(1− σ˜i )(1− σ˜i+1) −
1
µ˜
= 1/µ˜
(1− σ˜i )(1− σ˜i+1) −
1
µ˜
. (16)
5. An example of a M˜i /M˜/1 fuzzy queueing model with priority discipline
We consider a queueing model which two unit classes arrive at: 15% of arrivals belong to one of the classes (which
will be denoted by A), and the remaining 85% are in the other class (class B). The average arrival rate at the system
follows a Poisson process, is approximately known and is given by the triangular fuzzy number λ˜ = [26, 30, 32].
The service rate from a single server is the same for both unit classes, follows an exponential pattern and is
distributed according to the triangular fuzzy number µ˜ = [38, 40, 45].
The possibility distribution of unit cost of inactivity for units in the same class, piC˜i (Ci ) = µC˜i (Ci ), i = A, B is
established by a triangular fuzzy number, with C˜A = [15, 20, 22] and C˜B = [2.5, 3, 5].
The queueing model is to be optimized in the knowledge that the decision maker does not want to run risk, so
β = 0.25.
The model holds that ρ˜ = λ˜
µ˜
< 1, since ρ˜ = [ 2638 , 3040 , 3238 ] = [0.684, 0.75, 0.842], so it achieves a steady state.
First, there are two unit classes that have not been given a priority class, so we must decide which of the two
is assigned a higher priority – the more urgent one – and which will have the lower priority, in the knowledge that
waiting time will be less for whichever is assigned the higher priority. The priority allocation that gives the optimum
results is the one that assigns the higher priority to the class whose value of αi C˜i , (i = A, B) is higher, since total cost
C will thereby be lower. Let αA = 0.15 and αB = 0.85, so
αAC˜A = 0.15[15, 20, 22] = [2.25, 3, 3.3]
αBC˜B = 0.85[2.5, 3, 5] = [2.125, 2.55, 4.25]. (17)
Fig. 1 shows the membership functions of αAC˜A and αBC˜B .
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Fig. 2. Membership function of C˜ .
The result obtained gives two overlapping fuzzy numbers, so the Nakamura’s method [29] is applied to establish
which of the two has a preferable fuzzy relationship. The Nakamura index has the value: µN (αAC˜A, αBC˜B) =
0.74 > 0.5, so A is preferred to B and higher priority is assigned to class A, lower priority to class B, so the i = 1
class corresponds to type B units and the i = 2 class is for type A units.
To establish the priority discipline of the fuzzy queueing model, we must compare the average total cost of inactivity
for the three cases: no priority discipline, preemptive priority discipline and nonpreemptive priority discipline, which
are denoted respectively by C˜ , C˜1 and C˜2. Dong and Shah’s Vertex method [28] is used to calculate the membership
functions of fuzzy variables C˜ , C˜1 and C˜2. This is based on the concept of the α-cut and interval analysis: if you have
n variables defined at intervals X1, X2, . . . , Xn (which in our example are the α-cuts of the variables λ˜, µ˜, C˜1 and C˜2)
these form a rectangle of dimension n with 2n vertexes. The coordinates of the vertexes are the combination of eneplas
taking as points the bounds of the variable intervals. We will write the j-th combination, or the j vertex coordinate, as
c j , with j = 1, . . . , N and N = 2n . When y = f (x1, x2, . . . , xn) is a continuous function in the n-sized rectangular
area formed by the intervals of the variables, and there are no bounds in this area (including limits), then the interval
function value can be obtained by
Y = f (X1, X2, . . . , Xn) = [min
j
( f (c j )),max
j
( f (c j ))] j = 1, . . . , N . (18)
Cost functions, calculated from (1), (8), (14) and (16), where λ1 = α1λ and λ2 = α2λ, are
C = (C1λ1 + C2λ2)W = (C1α1 + C2α2)λ
µ− λ (19)
C1 = C1α1λ
(
λ/µ2
(1− λ/µ)(1− α2λ/µ) +
1
µ
)
+ C2α2λ
(
λ/µ2
1− α2λ/µ +
1
µ
)
(20)
C2 = C1α1λ
(
1/µ
(1− λ/µ)(1− α2λ/µ)
)
+ C2α2λ
(
1/µ
1− α2λ/µ
)
. (21)
All are continuous functions in the rectangular section of dimension 16 formed by the intervals of the variables λ˜,
µ˜, C˜1 and C˜2 (λα , µα , C1α and C2α , ∀α ∈ [0, 1]), monotonically increasing with respect to variables λ, C1 and C2,
and monotonically decreasing with respect to the variable µ, so for all of them, C˜ , C˜1 and C˜2, and in each α-cut, the
minimum is obtained with the extremes λα , C1α , C2α and µ¯α , and the maximum with λ¯α , C¯1α , C¯2α and µα . Thus, the
membership functions of fuzzy variables C˜ , C˜1 and C˜2 are
(a) Average total cost of inactivity when there is no priority discipline, C˜ (Fig. 2):
C˜ = (C˜1λ˜1 + C˜2λ˜2)W˜ with W˜ = 1
µ˜− λ˜ ; (22)
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Fig. 3. Membership function of C˜1.
Fig. 4. Membership function of C˜2.
(b) Average total cost of inactivity when there is a preemptive priority discipline, C˜1 (Fig. 3):
C˜1 = C˜1λ˜1W˜1 + C˜2λ˜2W˜2 (23)
where W˜i = W˜q,i + 1/µ˜, i = 1, 2, W˜q,i = λ˜/µ˜2(1−σ˜i )(1−σ˜i+1) , σ˜1 = λ˜/µ˜, σ˜2 = λ˜2/µ˜ and σ˜3 = 0;
(c) Average total cost of inactivity when there is an nonpreemptive priority discipline, C˜2 (Fig. 4):
C˜2 = C˜1λ˜1W˜1 + C˜2λ˜2W˜2 (24)
where W˜i = W˜q,i + 1/µ˜, i = 1, 2, W˜q,i = 1/µ˜(1−σ˜i )(1−σ˜i+1) − 1µ˜ , so W˜i =
1/µ˜
(1−σ˜i )(1−σ˜i+1) with σ˜1 = λ˜/µ˜, σ˜2 = λ˜2/µ˜
and σ˜3 = 0.
Comparison of the three total costs shows which of the priority disciplines minimizes the average total cost function
of inactivity (Fig. 5).
Even though they are overlapping fuzzy numbers, it is clear that C˜2 < C˜1 < C˜ , so minimum average total cost
of inactivity is achieved with the nonpreemptive discipline. The conclusion can therefore be made that the optimum
selection of a priority discipline for the fuzzy queueing model that we studied entails establishing a nonpreemptive
priority discipline, in which class A units will be assigned a higher priority.
Having selected an optimum priority discipline, we can now obtain the performance measures of the fuzzy queueing
model for both customer classes: average time in the system, W˜1 and W˜2 (Fig. 6) and average length of units in the
system, L˜1 and L˜2 (Fig. 7). The membership functions of the performance measures are obtained by applying the
Buckley and Qu’s method [27] to functions W1, W2, L1 and L2 since all of them are functions that depend on two
variables, are continuous when λ ∈ sup λ˜ and µ ∈ sup µ˜, and are monotonic with respect to each of them (increasing
in λ and decreasing in µ). So:
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Fig. 5. Membership functions of C˜ , C˜1 and C˜2.
Fig. 6. Membership functions of W˜1 and W˜2.
Fig. 7. Membership functions of L˜1 and L˜2.
W1 = 1/µ
(1− λ/µ)(1− λ2/µ) W2 =
1/µ
1− λ2/µ (25)
L1 = λ1W1 L2 = λ2W2. (26)
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6. M˜i /Fi /1 fuzzy queueing model with priority discipline
As for the previous model, arrivals for each priority class are assumed to be Poisson, with average rate λ˜i which
can differ across priority classes, which is uncertainly known and is approximated with a possibility distribution given
by a fuzzy number. The single server to the system serves according to deterministic but uncertain service times that
are approximately known and are represented by a possibility distribution pib˜i (bi ) = µb˜i (bi ), which can likewise be
different across classes or the same for all units. We study the model with different service times across different
classes and the model with service times that are the same for all units.
In this model, the second moment of service time is b2i . We define σi =
∑P
j=i ρ j with ρ j = λ jb j and σP+1 = 0.
(a) Fuzzy queueing model with preemptive priorities:
• Fuzzy queueing model with different service times across different classes:
W˜q,i =
P∑
j=1
λ˜ j b˜2j
2
(1− σ˜i )(1− σ˜i+1) i = 1, 2, . . . , P. (27)
• Fuzzy queueing model with the same service times for all units, in which b˜ is the average fuzzy service time
and b˜2 is the second moment of order:
W˜q,i =
P∑
j=1
λ˜ j b˜2
2
(1− σ˜i )(1− σ˜i+1) =
λ˜b˜2/2
(1− σ˜i )(1− σ˜i+1) ; (28)
(b) Fuzzy queueing model with nonpreemptive priorities. According to this model, customer service that is displaced
by a unit from a higher class should be restarted from where it was left;
• Fuzzy queueing model with different service times across different classes:
W˜q,i =
b˜i (1− σ˜i )+
P∑
j=i
λ˜ j b˜2j
2
(1− σ˜i )(1− σ˜i+1) − b˜i ; (29)
• Fuzzy queueing model with the same service times for all units:
W˜q,i =
b˜(1− σ˜i )+
P∑
j=i
λ˜ j b˜2
2
(1− σ˜i )(1− σ˜i+1) − b˜ =
b˜
(
1− 12 σ˜i
)
(1− σ˜i )(1− σ˜i+1) − b˜. (30)
7. An example of a M˜i /Fi /1 fuzzy queueing model with priority discipline
We will consider a queueing model which two unit classes arrive at: 30% of the units arriving at the system belong
to one of the classes, denoted as A, and the remaining 70% are in the other class, referred to as B. The average arrival
rate is Poisson, which is approximately known and is given by the triangular fuzzy number λ˜ = [0.05, 0.06, 0.07].
The possibility distributions of service time pib˜i (bi ) = µb˜i (bi ), i = A, B for both unit classes are distributed
according to a triangular fuzzy number, where b˜A = [12, 15, 16] and b˜B = [9, 10, 12].
The possibility distribution of unit cost of inactivity for units of the same class, piC˜i (Ci ) = µC˜i (Ci ) is equal to a
triangular fuzzy number. Therefore, C˜A = [10, 16, 18] and C˜B = [5, 6, 9].
The queueing model is to be optimized knowing that the decision maker is neutral to risk, so β = 0.5.
The model reaches a steady state, since ρ˜ = λ˜b˜ < 1 holds:
ρ˜ = λ˜b˜ = λAbA + λBbB = 0.3λbA + 0.7λbB = (0.3bA + 0.7bB)λ = [0.495, 0.69, 0.924]. (31)
There are two unit classes arriving at the system that have not been given a priority class, so we must decide which of
the two is assigned a higher priority – the more urgent one – and which will have the lower priority, so that waiting
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time will be less for whichever is assigned the higher priority. The priority allocation that gives the optimum results is
the one that assigns the higher priority to the class whose value of αi C˜i , (i = A, B) is higher, since total cost, C , will
thereby be lower. Let αA = 0.3 and αB = 0.7:
αAC˜A = 0.3[10, 16, 18] = [3, 4.8, 5.4]
αBC˜B = 0.7[5, 6, 9] = [3.5, 4.2, 6.3]. (32)
Fig. 8 shows the membership functions of αAC˜A and αBC˜B .
The result obtained gives two overlapping fuzzy numbers, so the Nakamura’s method [29] is applied to establish
which of the two has a preferable fuzzy relationship. The Nakamura index has the value: µN (αAC˜A, αBC˜B) = 0.42 <
0.5, so option B leads to higher costs than A, so higher priority is given to units in class B and power priority is assigned
to units in class A, so B has a priority index of i = 2 and A has a priority index of i = 1.
To establish the priority discipline of a fuzzy queueing model with two unit classes, we must compare the average
total cost of inactivity for the three cases: no priority discipline, preemptive priority discipline and nonpreemptive
priority discipline. Average total cost function in the crisp queueing model is
C =
2∑
i=1
Ci L i =
2∑
i=1
CiλiWi (33)
with Wi = Wq,i + bi it holds that:
C =
2∑
i=1
CiλiWi =
2∑
i=1
Ciλi (Wq,i + bi ) =
2∑
i=1
CiλiWq,i +
2∑
i=1
Ciρi = Cr +
2∑
i=1
Ciρi . (34)
And since the term
∑2
i=1 Ciρi is unaffected by the priority discipline established for the system, optimizing the
cost function simply involves minimizing the term
Cr =
2∑
i=1
CiλiWq,i . (35)
We apply the Dong and Shah’s vertex method [28] to calculate the membership functions of cost functions when
their parameters are fuzzy, denoted as C˜r for the queueing system without priority discipline, C˜1r for the fuzzy
queueing system with preemptive priority discipline and C˜2r for the fuzzy queueing systems with nonpreemptive
priority discipline. Cost functions calculated from (35), (27) and (29), where λ1 = α1λ, λ2 = α2λ, b = α1b1 + α2b2,
σ1 = λ1b1 + λ2b2 = λb and σ2 = λ2b2 are:
Cr = (C1λ1 + C2λ2)Wq = (C1α1 + C2α2)λWq = (C1α1 + C2α2) λ
2b2
2(1− λb) (36)
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C1r = C1α1λ
(
λ1b21 + λ2b22
2(1− λb)(1− λ2b2)
)
+ C2α2λ
(
λ1b21 + λ2b22
2(1− λ2b2)
)
(37)
C2r = C1α1λ
b1(1− λb)+ λ1b21+λ2b222
(1− λb)(1− λ2b2) − b1
+ C2α2λ
b2(1− λ2b2)+ λ2b222
(1− λ2b2) − b2
 . (38)
As in the previous example, all are continuous functions in the rectangular area of size 25 = 32 formed by the
intervals of the variables λ˜, b˜1, b˜2, C˜1 and C˜2 (λα , b1α , b2α , C1α and C2α , ∀α ∈ [0, 1]) and monotonically increase
with respect to all the variables λ, b1, b2, C1 and C2, so for all of them, C˜r , C˜1r and C˜
2
r , and in each α-cut, the minimum
is obtained with extremes λα , b1, b2, C1α and C2α , and the maximum with λ¯α , b¯1, b¯2, C¯1α and C¯2α .
The value of C˜r for the different fuzzy systems depending on the priority discipline is
(a) Fuzzy queueing system without priority discipline (Fig. 9):
C˜r = (C˜1λ˜1 + C˜2λ˜2)W˜q (39)
where W˜q = λ˜b˜22(1−ρ˜) with b˜ = 0.3b˜1 + 0.7b˜2, ρ˜ = λ˜b˜;
(b) Fuzzy queueing system with preemptive priority discipline (Fig. 10):
C˜1r =
2∑
i=1
C˜i λ˜i W˜q,i = C˜1λ˜1W˜q,1 + C˜2λ˜2W˜q,2 (40)
with W˜q,1 = λ˜1b˜
2
1+λ˜2b˜22
2(1−σ˜1)(1−σ˜2) , W˜q,2 =
λ˜1b˜21+λ˜2b˜22
2(1−σ˜2) , σ˜1 = λ˜1b˜1 + λ˜2b˜2 = λ˜b˜ and σ˜2 = λ˜2b˜2;
(c) Fuzzy queueing system with nonpreemptive priority discipline (Fig. 11):
C˜2r =
2∑
i=1
C˜i λ˜i W˜q,i = C˜1λ˜1W˜q,1 + C˜2λ˜2W˜q,2 (41)
with W˜q,1 = b˜1(1−σ˜1)+
λ˜1 b˜
2
1+λ˜2 b˜22
2
(1−σ˜1)(1−σ˜2) − b˜1, W˜q,2 =
b˜2(1−σ˜2)+ λ˜2 b˜
2
2
2
(1−σ˜2) − b˜2, σ˜1 and σ˜2 defined as in the previous model.
The three total costs are compared to determine which priority discipline minimizes average total cost function of
inactivity (Fig. 12).
Choosing which priority discipline minimized the average total cost of inactivity is immediate since C˜r < C˜1r <
C˜2r , so optimum value is given by the fuzzy queueing model without priorities, i.e. the priority based on a first-in,
first-out discipline.
By optimizing the fuzzy queueing system we can obtain the performance measurements of the queuing model:
average time in the system, W˜ (Fig. 13) and average length of units in the system, L˜ (Fig. 14). The membership
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Fig. 10. Membership function of C˜1r .
Fig. 11. Membership function of C˜2r .
Fig. 12. Membership functions of C˜r , C˜1r and C˜
2
r .
functions of the performance measurements are obtained by applying the Buckley and Qu’s method [27] to function
W and L:
W = b + λb
2
2(1− λb) L = λW (42)
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Fig. 13. Membership function of W˜ .
Fig. 14. Membership function of L˜ .
since both are functions that depend on two variables, are continuous when λ ∈ sup λ˜ and b ∈ sup b˜, and are monotonic
(increasing in λ and b).
8. Conclusions
Fuzzy subset theory has been applied to a number of queueing systems to provide broader applications in many
fields. However, relatively little papers has been given in the literature to complex fuzzy queueing models such as
queue models with priority discipline or queueing decision models.
Priority discipline queuing models play a major role in a gamut of real, daily situations, particularly in cases
when preferential treatment is guaranteed for certain individuals, as in emergency hospital medical treatment. They
also have important functions in modelling and analysing communication networks and Internet data transmission.
The parameters for queueing decision models in real scenarios can be known imprecisely for a number of reasons
beyond our control, so performance measurements of the system and average total cost of inactivity also become
fuzzy. It is clear that useful information is lost if results are obtained as crisp values. In this paper, measures to apply
fuzzy queueing model and function costs are both expressed by membership functions that completely maintain the
uncertainty of the initial information when some of the parameters of the model are fuzzy. The method proposed in
the paper enables reasonable solutions to be achieved for each case, with different levels of possibility, ranging from
the most pessimistic to the most optimistic scenario. The paper also provides more information to help design fuzzy
priority-discipline queueing systems.
The ability to analyse fuzzy priority discipline queue models described here and the extension of decision models
to fuzzy environments means that priority discipline queuing models can have a broader range of applications.
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The validity of the system we propose is demonstrated by satisfactorily solving two fuzzy queueing systems that
are often encountered in the real world. This paper only studies two performance measures, but the approach we
propose is obviously not limited to these and can be extended to others.
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